Abstract. We give a survey of recent developments in the investigation of the various local-global conjectures for representations of finite groups.
Introduction
The ordinary representation theory of finite groups over the complex numbers was developed by Frobenius, Burnside, Schur and others around the beginning of the 20th century, and the study of modular representation theory, dealing with representations over fields of positive characteristic, was initiated by Brauer around the mid of the 20th century. Still, amazingly enough, many fundamental and easily formulated questions remain open in the ordinary as well as in the modular representation theory of finite groups. For example, in 1963 Brauer [13] formulated a list of deep conjectures about ordinary and modular representations of finite groups, most of which are yet unsolved, and further important conjectures were subsequently put forward by McKay, Alperin, Broué and Dade. It is the purpose of this survey to expound some of the recent considerable advances on several of the major open conjectures in this area. In this sense, this article can be seen as a continuation of the 1991 survey by Michler [70] . In particular, the opening question in the introduction to that paper whether central conjectures in (modular) representation theory might be provable as a consequence of the classification of finite simple groups, has recently been given at least a partial positive answer.
We will concentrate here on so-called local-global conjectures which propose to relate the representation theory of a finite group G to that of its local subgroups for some prime p, that is, of subgroups N G (P ) where P ≤ G is a non-trivial p-subgroup. The charm of these conjectures, as so often, lies in the stunning simplicity of their formulation as opposed to their seeming intractability. More specifically, we will discuss the McKay conjecture, its block-wise version known as Alperin-McKay conjecture, Brauer's height zero conjecture and Dade's conjecture, all of which concern character degrees of finite groups, as well as the Alperin weight conjecture, which postulates a formula for the number of modular irreducible characters in terms of local data. A possible structural explanation of some instances of these conjectures is offered by Broué's abelian defect group conjecture. All of these conjectures and observations point towards some hidden theory explaining these phenomena, but we are unable to find it yet.
The approach of using local data to obtain global information on a finite group had already proved very successful in the classification of finite simple groups. Now, conversely, the classification seems to provide a way for proving local-global conjectures in representation theory. The basic idea is to reduce the conjectures to possibly more complicated statements about finite simple groups, which we then hope to verify by using our detailed knowledge on these groups. This approach has already proved successful in two important cases, see Theorems 2.8 and 3.7.
Not unexpectedly, the attempt to apply the classification has on the one hand led to the development of new, purely representation theoretic notions, tools and results, and on the other hand it has made apparent that our knowledge even of the ordinary representation theory of the finite simple groups is far from sufficient for many purposes. In this way, the reduction approach to the local-global conjectures has already spawned powerful new methods, interesting questions and challenging research topics even outside its immediate range.
In fact, McKay [69] made his conjecture only for G a simple group and for the prime p = 2. It was Isaacs, in his landmark paper [45] , who proved the conjecture for all groups of odd order and any prime p. Soon afterwards, Alperin [1] refined and extended the statement of Conjecture 2.1 to include Brauer blocks, now known as the Alperin-McKay conjecture. To formulate it let us fix a p-modular system (K, O, k), where O is a discrete valuation ring with field of fractions K of characteristic 0 and with finite residue field k of characteristic p, large enough for the given finite group G. Then the group ring OG decomposes as a direct sum of minimal 2-sided ideals, the p-blocks of G, and every irreducible character of G is non-zero on exactly one of these blocks. This induces a partition Irr(G) = B Irr(B) of the irreducible characters of G, where B runs over the p-blocks of G. To each block B is attached a p-subgroup D ≤ G, uniquely determined up to conjugacy, a so-called defect group of B. For a block B with defect group D we then write Irr 0 (B) := {χ ∈ Irr(B) | ht(χ) = 0}
for the set of height zero characters in B; here the height ht(χ) of the irreducible character χ is defined by the formula χ(1)
We then also say that B = b G is the Brauer induced block from b.
Conjecture 2.2 (Alperin (1976))
. Let G be a finite group, p be a prime and B a p-block of G with defect group D. Then
Clearly, by summing over all blocks of maximal defect, that is, blocks whose defect groups are Sylow p-subgroups of G, the Alperin-McKay Conjecture 2.2 implies the McKay Conjecture 2.1.
Soon after its formulation the Alperin-McKay Conjecture 2.2 was proved for p-solvable groups by Okuyama and Wajima [80] and independently by Dade [30] . It has also been verified for symmetric groups S n and alternating groups A n by Olsson [81] , and for their covering groups and for the general linear groups GL n (q) by Michler and Olsson [71, 72] .
Subsequently, several refinements of this conjecture were proposed. The first one by Isaacs and Navarro [48] predicts additional congruences; here n p ′ denotes the part prime to p of an integer n: 
(Note that this is a true refinement of Conjecture 2.2 whenever p ≥ 5.) This has been shown to hold for example for S n , A n and their double covers by Fong [37] , Nath [79] and Gramain [42] respectively. Two further refinements on the properties of the required bijection concerning the action of those Galois automorphisms fixing a prime ideal above p were put forward in the same paper [48] , and by Navarro [73] respectively. Yet another refinement due to Turull [98] includes p-adic fields and Schur indices.
2.2.
A reduction theorem. While Conjecture 2.1 was subsequently checked for several further families of finite groups, the first significant breakthrough in the case of general groups was achieved by Isaacs, Navarro and the author [46] This inductive condition for a simple group S is stronger than just the validity of McKay's conjecture for S, and in particular also involves the covering groups and the automorphism group of the simple group in question: If S is simple, and G is its universal covering group (the largest perfect central extension of S), then the inductive McKay condition on S is satisfied, if for some proper Aut(G) P -invariant subgroup M < G containing the normaliser N G (P ) of a Sylow p-subgroup P of G
such that the extendibility obstructions of χ and Ω(χ) to their respective inertia groups in G ⋊ Aut(G), considered as 2-cocycles, coincide for all χ ∈ Irr p ′ (G).
Here, for X ≤ G, Aut(G) X denotes the stabiliser of X in Aut(G). Note that due to the inductive nature of the reduction argument we need not descend all the way to N G (P ), but only to some intermediary subgroup M of our choice. As will be seen below this is very useful in the case of finite groups of Lie type. In fact, the condition stated in [46, §10] (where this notion is called being good for the prime p) even allows for a slightly bigger group to be considered in place of G, which is particularly useful in dealing with the finite groups of Lie type. The inductive McKay condition has been shown for the alternating and sporadic groups by the author [63] , and for groups of Lie type in their defining characteristic by Späth [92] , extending work of Brunat [20] and building on a result of Maslowski [68] . Thus only the simple groups of Lie type at primes p different from their defining characteristic remain to be considered. These are best studied as finite reductive groups.
2.3. The inductive condition for groups of Lie type. If G is the universal covering group of a simple group of Lie type, then up to finitely many known exceptions (see e.g. [67, Tab. 24.3] ) there exists a simple linear algebraic group G of simply connected type over the algebraic closure of a finite field F q and a Steinberg endomorphism F : G → G such that G = G F is the finite group of fixed points in G under F , a finite reductive group. Lusztig has obtained a parametrisation of the irreducible complex characters of the groups G F and in particular has determined their degrees. To describe this, let's assume for simplicity that F is the Frobenius map with respect to some F q -structure of G. Let G * be a dual group to G (with root datum dual to the one of G) and with compatible Frobenius map on G * also denoted by F . Then Lusztig [59] has constructed a partition
of the irreducible characters of G into Lusztig series E(G, s) parametrised by semisimple elements s ∈ G * := G * F up to G * -conjugacy. Further for any semisimple element s ∈ G * he obtained a Jordan decomposition
relating the Lusztig series E(G, s) to the so-called unipotent characters of the (possibly disconnected) group C G * (s), such that the degrees satisfy
The unipotent characters of finite reductive groups have been classified by Lusztig [59] and he has given combinatorial formulas for their degrees. It is thus in principle possible to determine the irreducible characters of G of p ′ -degree. For example, if p is a prime not dividing q, Equation (2.1) shows that χ ∈ E(G, s) lies in Irr p ′ (G) if and only if s centralises a Sylow p-subgroup of G * and the Jordan correspondent Ψ s (χ) lies in Irr p ′ (C G * (s)), thus yielding a reduction to unipotent characters.
The proper tool for discussing unipotent characters is provided by d-HarishChandra theory, introduced by Broué-Malle-Michel [18] and further developed by the author [60, 61, 62] . For this, let
In [62] we give a parametrisation of Irr p ′ (G) in terms of combinatorial data related to the relative Weyl group (a) p = 3, and G = SL 3 (q) with q ≡ 4, 7 (mod 9), G = SU 3 (q) with q ≡ 2, 5 (mod 9), or G = G 2 (q) with q ≡ 2, 4, 5, 7 (mod 9); or (b) p = 2, and G = Sp 2n (q) with n ≥ 1 and q ≡ 3, 5 (mod 8).
In particular, with this choice M only depends on d, but not on the precise structure of a Sylow p-subgroup or the Sylow p-normaliser, which makes a uniform argument feasible. The four exceptional series in Theorem 2.5 can be dealt with separately (see [64] ). For example, part (b) includes the case that G = SL 2 (q) where q ≡ 3, 5 (mod 8) and the Sylow 2-normaliser is isomorphic to SL 2 (3), while torus normalisers are dihedral groups. For the general case, in a delicate Clifford theoretic analysis Späth [90, 91] has shown that Irr p ′ (N G (T d )) can be parametrised by the same combinatorial objects as for Irr p ′ (G), thus completing the proof of: 
So in particular we obtain degree congruences as predicted by Conjecture 2.3. The equivariance and cohomology properties of such a bijection Ω required by the inductive McKay condition have at present been shown by Cabanes-Späth [24, 26] and the author [64] for all series of groups of Lie type except types
The most difficult and complicated part was certainly the proof by Cabanes and Späth [26] that the linear and unitary groups do satisfy the inductive McKay condition. It relies on a powerful criterion of Späth which allows one to descend a bijection for the much easier case of GL n (q), for example, to its quasi-simple subgroup SL n (q) if the inertia groups of p ′ -characters of SL n (q) and of the intermediary subgroup M have a certain semidirect product decomposition, see [92, Thm. 2.12] for details. This criterion is shown to hold for linear and unitary groups using Kawanaka's generalised Gelfand Graev characters.
The treatment of the remaining seven series of groups seems to require further knowledge on their ordinary representation theory, not immediate from Lusztig's results. More precisely, a solution will need to solve the following: Problem 2.7. For G quasi-simple of Lie type, determine the action of Aut(G) on Irr(G).
More precisely, it is not known in general how outer automorphisms act on irreducible complex characters of G lying in series E(G, s) with C G * (s) not connected. In particular, the ordinary character degrees of extensions of G by outer automorphisms are unknown.
The most recent and most far-reaching result in this area has been obtained by Späth and the author [66] , showing that McKay's original question has an affirmative answer: For the proof we show that the groups in the remaining seven families also satisfy the inductive McKay condition at the prime 2 and then apply Theorem 2.4. This relies on an equivariant extension of the Howlett-Lehrer theory of endomorphism algebras of induced cuspidal modules for finite groups with a BN-pair, and on special properties of the prime 2 as a divisor of character degrees of groups of Lie type. Namely, except for the characters of degree (q − 1)/2 of SL 2 (q) for q ≡ 3 (mod 4), non-linear cuspidal characters are always of even degree. The latter statement fails drastically for odd primes. An immediate extension to other primes thus seems very hard.
The result of Theorem 2.8 shows that the approach to the local-global conjectures via the reduction to finite simple groups is indeed successful. [96] . Here again Aut(G) b denotes the stabiliser of the block b in Aut(G). This condition has been verified by Koshitani and Späth [55, 56] for all blocks with cyclic defect groups, as well as for groups of Lie type in their defining characteristic and alternating groups at odd primes by Späth [93] , while Denoncin [32] proved it for alternating groups at p = 2. Cabanes and Späth [25] show it for blocks of SU n (q) and SL n (q) of maximal defect. For the sporadic groups see the website by Breuer [14] .
In this context we mention the following open question:
Problem 2.10. Find a reduction for the Alperin-McKay conjecture including the action of certain Galois automorphisms as predicted by Isaacs and Navarro [48, 73] .
A recent result of Ladisch [57] can be seen as a first step towards such a reduction. This might also give a hint for even more natural bijections in the verification of the inductive conditions for groups of Lie type. A positive solution would provide, for example, an extremely simple method to detect from a group's ordinary character table whether its Sylow p-subgroups are abelian: indeed, the Sylow p-subgroups are defect groups of the principal block, and the characters (degrees) in the latter can be read off from the character table.
The p-solvable case of Conjecture 3.1 is an impressive theorem by Gluck and Wolf [41] . All further substantial progress on this question was made using the classification of finite simple groups. The most far reaching general result so far concerns 2-blocks whose defect groups are Sylow 2-subgroups [77] : In particular, the above criterion for detection of abelian Sylow p-subgroups from the ordinary character table holds when p = 2.
The proof of Theorem 3.2 relies on Walter's determination of finite groups with abelian Sylow 2-subgroups as well as on Lusztig's previously described classification of irreducible characters of finite reductive groups.
3.2. The "if " direction. For the case of arbitrary blocks and primes, Berger and Knörr [8] derived the following optimal reduction to the same statement for blocks of quasi-simple groups (recall that a finite group G is quasi-simple if G is perfect and G/Z(G) is simple): First significant steps in the verification of the assumption of this reduction theorem were subsequently obtained by Olsson [82] for the covering groups of alternating groups. The case of groups of Lie type in their defining characteristic is easy for this questions, as defect groups are either Sylow p-subgroups or trivial, and Sylow p-subgroups are non-abelian unless we are in the case of PSL 2 (q). For non-defining characteristic, Blau and Ellers [9] obtained the following important result:
Theorem 3.4 (Blau-Ellers (1999)). Brauer's Height Zero Conjecture 3.1 holds for all blocks of quasi-simple central factor groups of SL n (q) and SU n (q).
3.3. Blocks of groups of Lie type. The case of the other quasi-simple groups of Lie type could only be settled after having obtained a full parametrisation of their p-blocks. This classification is very closely related to Lusztig induction and can again be most elegantly phrased in terms of d-Harish-Chandra theory. It was achieved over a period of over 30 years by work of many authors. As before let G be a connected reductive algebraic group defined over F q with corresponding Frobenius endomorphism F : G → G, and let G * be dual to G. The first general reduction step was given by Broué and Michel [19] who showed a remarkable compatibility between Brauer blocks and Lusztig series: for any semisimple
is a union of p-blocks, where t runs over p-elements in the centraliser C G * (s)
F . All further progress is linked to Lusztig induction. For an F -stable Levi subgroup L ≤ G, using ℓ-adic cohomology of suitable varieties attached to L and G, Lusztig has defined an induction map
Proving a conjecture of Broué, Bonnafé and Rouquier [11] showed that most of the series E p (G F , s) "come from below" (see also the recent extension of this result by Bonnafé , Dat and Rouquier [10, Thm. 7.7]):
This reduces the determination of blocks to the so-called quasi-isolated situation, that is to series E p (G F , s) where C G * (s) is not contained in any proper Fstable Levi subgroup of G * . Here crucial steps were provided by Fong-Srinivasan [38] for groups of classical type, Broué-Malle-Michel [18] for unipotent blocks and large primes, Cabanes-Enguehard [23] for general blocks and primes p ≥ 5, Enguehard [36] for unipotent blocks of exceptional type groups, and Kessar-Malle [49, 50] for the remaining quasi-isolated cases. To describe the result, let
the set of irreducible characters lying in Lusztig series labelled by As an important step in the proof we show that the Bonnafé-Rouquier Morita equivalences in Theorem 3.5 preserve abelianity of defect groups (this has now been reproved more conceptually in [10] ).
Navarro, Solomon and Tiep [75] use Theorem 3.7 to derive an effective criterion to decide the abelianity of Sylow subgroups from the character table.
3.4. The "only if " direction. A crucial ingredient of Navarro and Tiep's proof of Theorem 3.2 was a theorem of Gluck and Wolf for the prime 2. The missing odd-p analogue of this seemed to constitute a major obstacle towards establishing the remaining, "only if" direction of the Height Zero Conjecture. Using the classification of finite simple groups Navarro and Tiep [78] have now obtained a proof of this result: Building on this, Navarro and Späth [74] succeeded in proving the following reduction theorem for this direction of the conjecture: For their proof, they introduce and study the new notion of central block isomorphic character triples.
The first assumption of Theorem 3.9 was recently shown to hold [51] , again building on the classification of blocks of finite reductive groups described before: Eaton and Moretó [35] proved their conjecture for all blocks of symmetric and sporadic groups, and for GL n (q) for the defining prime. They also showed that for p-solvable groups we always have mh(D) ≤ mh(B), and that this inequality is true for all groups if Dade's projective conjecture (see Section 5) holds. Brunat and the author [21] then checked that the Eaton-Moretó Conjecture 3.11 holds for all principal blocks of quasi-simple groups, for all p-blocks of quasi-simple groups of Lie type in characteristic p, all unipotent blocks of quasi-simple exceptional groups of Lie type, and all p-blocks of covering groups of an alternating or symmetric group. No reduction of this conjecture to simple groups is known, though.
A different approach to characters of positive height is given by Dade's Conjecture, which we review in Section 5 below.
The Alperin Weight Conjecture
While the McKay Conjecture counts characters of p ′ -degree, the Alperin Weight Conjecture concerns characters whose degree has maximal possible p-part, the socalled defect zero characters. Alperin (1986) ). Let G be a finite group, p be a prime and B a p-block of G. Then
Weights and chains. An irreducible character χ of a finite group
where [Q, ψ] denotes the G-conjugacy class of the p-weight (Q, ψ).
The name "weights" was apparently chosen since for groups of Lie type in defining characteristic the irreducible Brauer characters are indeed labelled by (restricted) weights of the corresponding linear algebraic groups.
Alperin [2] notes the following nice consequence of his conjecture: Knörr and Robinson have given a reformulation of the weight conjecture in terms of certain simplicial complexes related to the p-local structure of the group G. For this, let P(G) denote the set of chains 1 < P 1 < . . . < P l of p-subgroups of G. This induces a structure of a simplicial complex on the set of non-trivial p-subgroups of G. For C = (1 < P 1 < . . . < P l ) such a chain set |C| = l, the length of C, and for B a p-block of G let (ii) for all p-blocks B of all finite groups G we have
where the sum runs over the chains in P(G) up to G-conjugacy.
Here, in fact the set P can also be replaced by the homotopy equivalent sets of all chains of elementary abelian p-subgroups, or of all radical p-subgroups, or by the set of chains in which all members are normal in the larger ones.
By using Möbius inversion it is possible from Theorem 4.3 to describe the number of p-defect zero characters of G in terms of local subgroup information.
In the case of abelian defect groups, there is a strong relation between Alperin's Weight Conjecture and the two previously introduced conjectures: In fact, Prop. 5.6] had to assume the validity of the "if"-direction of Conjecture 3.1 which is now Theorem 3.7.
The Alperin Weight Conjecture 4.1 was proved by Isaacs and Navarro [47] for psolvable groups. It holds for all blocks with cyclic or non-abelian metacyclic defect group by work of Brauer, Dade, Olsson and Sambale, see the lecture notes [88] . It was shown to hold for groups of Lie type in defining characteristic by Cabanes [22] , for S n and for GL n (q) by Alperin and Fong [3] , and by J. An for certain groups of classical type, see [4] and the references therein. The latter proofs rely on an explicit determination of all weights in the groups under consideration.
4.2. Reductions. As in the case of the Alperin-McKay conjecture, the Alperin weight conjecture was first reduced in a non-block-wise form to some stronger inductive statement (AWC) about finite simple groups by Navarro and Tiep [76] in 2011. In the same paper, they verified their inductive AWC condition for example for groups of Lie type in their defining characteristic, as well as for all simple groups with abelian Sylow 2-subgroups, while An and Dietrich [6] show it for sporadic groups. This reduction was then refined by Späth [94] to treat the block-wise version: Puig [83, 84] has announced another reduction of Conjecture 4.1 to nearly simple groups.
As in the case of the other inductive conditions, the inductive BAW condition for a simple group S requires the existence of suitable equivariant bijections at the level of the universal p ′ -covering group G of S, this time between IBr(B) and the weights attached to the block B of G, see [94, Def. 4 .1] and also [96] . In the same paper Späth shows that her inductive BAW condition holds for various classes of simple groups, including the groups of Lie type in their defining characteristic and for all simple groups with abelian Sylow 2-subgroup.
The inductive BAW condition has meanwhile been established by Breuer [14] for most sporadic simple groups, by the author [65] for alternating groups, the Suzuki and the Ree groups, and by Schulte [89] for the families of exceptional groups G 2 (q) and 3 D 4 (q). Koshitani and Späth [55] show that it holds for all blocks with cyclic defect groups when p is odd.
For blocks B with abelian defect groups Cabanes-Späth [24, Thm. 7.4 ] and the author [65, Thm. 3.8] This result highlights the importance of the existence of basic sets. Recall that X ⊆ Irr(B) is a basic set for B if the restrictions to p ′ -elements of the χ ∈ X are linearly independent and span the lattice Z IBr(B) of Brauer characters. Such basic sets are known to exist for groups of Lie type G F whenever the prime p is good and does not divide |Z(G F )|: by a result of Geck and Hiss [40] , E(G F , p ′ ) is a basic set for G F , which moreover by definition is Aut(G)-invariant. Denoncin [33] has recently constructed such basic sets for the special linear and unitary groups for all non-defining primes building on work of Geck [39] . It is an open question, formulated in [40, (1.6)] whether basic sets exist for the blocks of all finite groups. Given an Aut(G)-invariant basic set, condition (2) of Theorem 4.6 would be satisfied for example if the p-modular decomposition matrix of G is lower unitriangular with respect to this basic set. This property is widely believed to hold for groups of Lie type, and has been shown in a number of important situations, for example by Gruber and Hiss [43] if G is of classical type and the prime p is linear for G, as well as for SL n (q) and SU n (q) by Kleshchev and Tiep [52] and Denoncin [33] , respectively. Problem 4.8. Show that decomposition matrices of finite reductive groups in non-defining characteristic have uni-triangular shape.
In the case of arbitrary defect it then still remains to determine the weights. The weights of certain classical groups as well as of several series of exceptional groups of Lie type of small rank have been determined by An and collaborators, see e.g. [4, 7] , but this has not resulted in a general, type independent approach. Conjecture 5.1 (Dade (1992) ). Let B be a p-block of a finite group G. Then
where the sum runs over chains in P(G) up to G-conjugacy.
As for the Knörr-Robinson formulation of Alperin's Weight Conjecture, the set P of chains may be replaced by chaines involving only elementary abelian p-subgroups, or only radical p-subgroups.
Dade's Conjecture was proved for p-solvable groups by Robinson [87] . An has shown Dade's conjecture for general linear and unitary groups in non-defining characteristic, and for various further groups of Lie type of small rank, see e.g. [5] . Recently, in a tour de force Späth [95] managed to reduce a suitable form of Dade's conjecture to a statement on simple groups: 
Broué's Abelian Defect Group Conjecture
An attempt to give a structural explanation for all of the "numerical" local-global conjectures mentioned so far is made by Broué's conjecture at least in the case of blocks with abelian defect groups. Recall that the Alperin-McKay Conjecture 2.2 relates character degrees of a p-block B of a finite group G with defect group D to those of a Brauer corresponding block b of N G (D). Broué [15] realised that this numerical relation would be a consequence of a (conjectural) intimate structural relation between the module categories of the O-algebras B and b: Broué's conjecture holds for all blocks of p-solvable groups, since in this case by Dade [30] and Harris-Linckelmann [44] , the two blocks in question are in fact Morita equivalent. It also holds for blocks with cyclic or Klein four defect groups by work of Rickard [85, 86] . Using the classification of finite simple groups it has been shown for principal blocks with defect group C 3 ×C 3 by Koshitani and Kunugi [54] , and it has been verified for many blocks with abelian defect of sporadic simple groups.
In their landmark paper [28] Chuang and Rouquier have given a proof of Broué's conjecture for S n and for GL n (q), building on previous results of Chuang and Kessar [27] and Turner [97] who obtained derived equivalences for a very particular class of blocks, the so-called Rouquier blocks. Dudas, Varagnolo and Vasserot [34] have constructed derived equivalences between blocks of various finite unitary groups which together with a result of Livesey [58] provides a verification of Broué's conjecture for GU n (q) for linear primes.
Broué and the author [18] proposed a more precise form of Conjecture 6.1 in the case of unipotent blocks of finite groups of Lie type in terms of the ℓ-adic cohomology of Deligne-Lusztig varieties. This version has recently been explored by Craven and Rouquier [29] using the concept of perverse equivalences.
Despite of these partial successes, in contrast to the situation for the other conjectures stated earlier, there is no general reduction theorem for Broué's conjecture to a condition on simple groups. A further challenge lies in the fact that currently Broué's conjecture is only formulated for blocks with abelian defect groups, and it remains unclear how a generalisation to blocks of arbitrary defect might look like.
